Abstract. In this paper, we employ the Mond-Pečarić method to establish some reverses of the operator Bellman inequality under certain conditions. In particular, we show δI K
(ii) A n ↓ A and B n ↓ B imply A n σB n ↓ AσB, where A n ↓ A means that A 1 ≥ A 2 ≥ · · · and A n → A as n → ∞ in the strong operator topology; (iii) T * (AσB)T ≤ (T * AT )σ(T * BT ) (T ∈ B(H )).
There exists an affine order isomorphism between the class of connections and the class of positive operator monotone functions f defined on (0, ∞) via f (t)I H = I H σ f (tI H ) (t > 0). In addition, Aσ f B = A , respectively. The case µ = 1/2, the operator weighted geometric mean gives rise to the so-called geometric mean A♯B.
Bellman [3] proved that if p is a positive integer and a, b, a j , b j (1 ≤ j ≤ n) are positive real numbers such that
A multiplicative analogue of this inequality is due to J. Aczél. In 1956, Aczél [1] proved that if a j , b j (1 ≤ j ≤ n) are positive real numbers such that a
Popoviciu [15] extended Aczél's inequality by showing that
where p ≥ 1 and a
During the last decades several generalizations, refinements and applications of the Bellman inequality in various settings have been given and some results related to integral inequalities are presented; see [4, 11, 12, 13, 16] and references therein.
In [12] the authors showed an operator Bellman inequality as follows:
whenever A, B are positive contraction operators, Φ is a unital positive linear map on B(H ) and 0 < p < 1. They also [11] showed the following generalization of the Bellman operator inequality
where
is a mean with the representing function f and 0 < p < 1.
In this paper, we use the Mond-Pečarić method to present some reverses of the operator Bellman inequality under some mild conditions. We also show some refinements of (1.1).
Some reverses of the Bellman type operator inequality
The operator Choi-Davis-Jensen inequality says that if f is an operator concave function on an interval J and
for all self-adjoint operators A with spectrum in J. The Mond-Pečarić method [7, Chapter 2] present that if f is a strictly concave differentiable function on an interval
In inequality (2.2), if we put Φ(X) :
, where Ψ is an arbitrary unital positive linear map and take f to be the representing function of an operator mean σ f , then we reach the inequality
Finally, if we take Ψ in (2.3) to be the positive unital linear map defined on the diagonal blocks of operators by
where γ f is given by (2.1) and 0
In the following theorem we show a reversed operator Bellman type inequality.
is an operator mean with the representing function f and p
Proof. By using (2.4) we have
It follows from inequality (2.6) and the Löwner-Heinz inequality [7, Theorem 1.8 ] that 
. Using inequality (2.2) and the operator monotonicity of f we have 
and γ h = max
Applying the operator monotone function
and using Lemma 2.3 for the special case h(t) = t p (p ∈ [0, 1]), due to
we have the following result; see [7, p. 77 ].
Corollary 2.4 (A reverse operator Bellman inequality). Let
Proof. We have
In [8] , the authors showed another way to find a reverse Choi-Davis-Jensen inequality. If f is a strictly concave differentiable function on an interval [m, M] with m < M and Φ is a unital positive linear map, then
where A ∈ B(H ) is a self-adjoint operator with spectrum in [m, M] and β f = max m≤t≤M {f (t) − µ f t − ν f }.
In inequality (2.9), if we put Ψ(X) := Ψ(A)
is an arbitrary unital positive linear map and take f to be the representing function of an operator mean σ f , then we reach the inequality
where 0 < mX ≤ Y ≤ MX, σ f is an operator mean with representing function f and β f = max m≤t≤M {f (t) − µ f t − ν f } that is the unique solution of the equation
Applying (2.10) to the positive unital linear map defined on the diagonal blocks of
where 0 < mX j ≤ Y j ≤ MX j (1 ≤ j ≤ n + 1), σ f is an operator mean with representing function f and β f = max m≤t≤M {f (t) − µ f t − ν f } . Now, we have the next result.
A j for some positive real numbers m, M such that m < 1 < M and σ f is an operator mean with representing function f . Then
Proof. If we take
B j in inequality (2.11), then we get
By the operator monotonicity of h(t) = t p and (2.12) we reach the desired inequality.
Corollary 2.6 (A reverse Aczél type inequality). Let
A j for some positive real numbers m, M such that m < 1 < M. Then 13) where β f = max m≤t≤M {f (t) − µ f t − ν f }; see also [7, Corollary 2.16] .
We can generalize the operator Bellman inequality in Corollary 2.2 of [12] as follows 
(ii) (Classical Bellman Inequality) If n is a positive integer, 0 < p < 1 and
Now, we state reverse of (2.14) by following result.
Corollary 2.8 (A second type reverse operator Bellman inequality). Let
Proof. Let m, n be positive integers, 0 < p < 1, 0 ≤ ω j ≤ 1 and
It follows from (2.18) with the identity map Φ that Proof. Put f (t) = log t and Φ j = Φ in (2.13).
Some refinements of the Bellman operator inequality
In this section, we present some refinements of the operator Bellman inequality by using some ideas of [4] . First we need the following Lemmas. 
Proof. The subadditivity of operator mean says that [7, Theorem 5.7] 
where In the next theorem, we show a refinement of (1.1). 
in which k = 1, 2, · · · , n − 1. 
Using the same idea as in the proof of Theorem 3.3 we improve inequality (1.1) in the next theorem. 
